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1 Trigonometric Sums

The main goal of this note is to establish certain bounds of Gauss and Kloosterman sums
using étale cohomology.
1.1 Gauss Sums

Definition 1.1 (Gauss Sum). Let ¢ : F, — C* be an additive character and let y : ]F; - C*
be a multiplicative character, then the Gauss sum is defined to be

L) =— Y, POy (x).

X
xe]Fq

We will prove the following two theorems.



Theorem 1.2. Let v and y as above, then

1T(x, )l =q*>

Theorem 1.3 (Hasse-Davenport). Let Fyv be a degree N field extension of Fy, and denote
Tr= TrFqN /F, and N = NquN /F, the trace and the norm resp. of this extension. Then,

T(y oN,poTr) =— Z Y(Tr(x))x T (N(x)) = (T(r, )"
xE]FXN
1.2 Kloosterman Sums

Definition 1.4 (Kloosterman Sum). Let 1 : F, — C* be a non-trivial additive character and
let a € Fy, then the Kloosterman sum is defined as

Kpq= Z Yxg + x4+ -+ x,).

’ X1Xg..X,=a
We will prove the following theorem.
Theorem 1.5. We have the following estimates
(i) When a=0, then K, o = (-1,
(ii) When a # 0, then |K, ,| < ng("/2,

Remark 1.6. These trigonometric sums are classically defined to take values in C. However,
since we hope to use étale cohomology to analyze them, we think of them as a number inside
@y by fixing an isomorphism Q; = C.

2 Geometrization

2.1 A Lemma on Torsors

We will move between different torsors of different groups. The following lemma is basic,
but helpful when one thinks about such situations.

Lemma 2.1. Let X be a scheme and G,G’ be smooth group schemes over X. Let T,T’ be G
and G’ torsors resp. over X. Let @g : G — G’ be a morphism of group schemes over X and
@7 : T — T’ a morphism of schemes over X compatible with g in the obvious way. Let Y be
an X-scheme, on which G’ (and hence G) acts, then

Y xCT=y x5 1.

Proof. Obvious: just write down the descent datum. O



Corollary 2.2. Suppose we have the following sequence

1 H G G/H——1
||
1 H' G’ G'/H —1

where G,H,G’,H’ are algebraic groups over a field k. Let X be a scheme on which H’, and hence
H, acts, then
GxIx=(p*¢)xH x

as X-bundles over G/H.

Proof. Note that G —» G/H and G’ — G’/H’ are H and H’-torsors over G/H and G'/H’
respectively. This is a direct consequence of the above. O

2.2 Artin-Shreier Sheaves

Goal: produce a sheaf whose local Frobenius traces are precisely the summands in the
Gauss/Kloosterman sums, so we hope to use the other side of the trace formula to analyze
these sums.

Definition. Let G, be a commutative, connected algebraic group over F,, where the group
operation is written multiplicatively. Then Lang isogeny is defined to be

,%:GO_)GO
g—Fg-g!

We see easily that this map is an étale map. Thus, its image is an open subgroup of G,
But since G is connected, this is actually an étale covering. We have the following exact
sequence

0 —— Go(F,) G, Go 0.

Examples. Applied to the case G, and G,,, we get the following

0 F, G, G, 0

0 Ug—1 Gn Gn 0.

Frobenius Trace. Note that £ : Gy — G is a smooth sheaf, and hence, we can talk about
trace of the Frobenius at closed points of G.

Let y € Go(F,), then for any g € £7'(y), we have Fg =Fgg'g = £(g)g = yg. Thus,
the action of the geometric Frobenius on the stalk at y is multiplication by y~! : g+~ gy~ L.



Twisting. Let f; : X, — G, be a morphism and y : Go(F,) — @ZX be a character. Then
one can form a Q;-sheaf on X, by twisting Q; with the Lang torsor using the inverse action
%~} on Q. This inverse is to cancel out the inverse in the Frobenius action. And thus, if we
denote this sheaf #(y, f;), then the action of the Frobenius at a point y € Go(F,) is x(y)-
Since y is a character of a finite group, we see easily that |y (y)| = 1 and hence, we see that
all Artin-Shreier sheaves are pure of weight 0.

Functorialities. All of these are natural consequences of the lemma on torsors above.
@D Fx.fo o) =F . f)®F (. f)-
i) Z(x' 2" f0)=F fo) @ F (1", fo)-
(iii) Letug: Gy — H, be a morphism of groups, and y : H(F,) — @lx , then
F (1, uofo) = F (xuo, fo)-
(iv) Let Gy =] i G(i), X = (Xi)ier, and fo = (foi)ieb then

F(1.fo) = Q) F(xi, fO.

i€l

Base Field Extension. Let G; =G, ®r, Fgn, then we have the following morphism of exact
sequences:

g
0 —— Go(Fqn) G, G, 0
lN ln?:; F(iq) J{
10
0 —— Go(F,) Gy G 0

and hence, Z(4) = NZ4n).

Abuse of Notation. Instead of writing & (y, f,), we write & (x f,). The properties above
allows no ambiguity. Moreover, we also write

9(]‘{ 1D =Ff0) = R F (1, £O.

i€l

The case of A(l). Recall that when 4 is non-trivial, then £ (1)) is a smooth sheaf on A})
of rank 1, with Swan conductor 1 at co. Moreover, H*(A!, Z(v)) = 0. In particular, the
monodromy at oo is totally wildly ramified.



The case of G,,. In this case, Fg-g = g4~!. Thus, we get a covering of G,, that is tamely
ramified at both 0 and oo.
In general, for n relatively prime to p, we have the following exact sequence

0 u, Gy ——G,, 0.

For any character y : u, — Q;, we can form the Kummer sheaf #;(y) that twists Q; with the
U,-torsor G,, — G,, via y . #,(y) is a smooth sheaf on G,,. When y is non-trivial, it is
tamely ramified at both 0 and oo (since essentially, it’s just from the extension k(t)[x]/(x"—

t).

Geometrization of Gauss Sums. Let y and v as in the definition of Gauss sum. From what
we have said above,

) =— > ) == > TEF(HeFW)=—> TiFF (),

x€Fy XEG,(Fy)

where Z(y™!) is the Artin-Shreier sheaf on G,, associated to y, and Z (1)) the restriction
of the Artin-Shreier sheaf on A(l) associated to 1. Note that the last equality is due to our
convention (of notation abuse).

Geometrization of Kloosterman Sums. Fora € F,, let V, C Aj defined by x; x5+ x, = a.
Leto : Aj — A(l) defined by the sum of the coordinates. Then

Kpa= . Ti(F,FWo)).

x€Vy(Fy)

2.3 Some Cohomological Results

Theorem 2.3. Let X be a smooth, connected curve over a finite field k of characteristic p, U,
an open subscheme of X and %, an £-adic sheaf on U, such that the natural map j, %, — j. %o
is an isomorphism. Then, j %y, — Rj,. %, is also an isomorphism.

Proof. It suffices to show that for all x € X — U, 0 = (R'j,Z), = H'(Spec ﬁ;h, Z). But since
&, is supported at the generic point of Spec 6’;}‘, this cohomology is just

H'(I, %)

where I is the inertia group at x. Since H'(P, F5) =0 forall j > 0 (since it’s the cohomology
of a pro p group in a pro £ thing-look at finite subquotients of P, since that’s how cohomology
of a profinite group is computed, and see that the cohomology must be both p and £ torsion),
the spectral sequence
H'(I/PH/(P,Z;) = H(I,%;)
implies that
H(I,#;) 2 H'(I/B.F}).

Now, I/P is a pro-infinite cyclic group, its cohomology concentrates at degree 0 and 1:
there is a resolution of 2 terms A — A, like in the infinite cyclic case. Thus, dimH® = dim H'.
But dim H® = 0 since j, & j,. Thus, so is H!, and we are done. O



Corollary 2.4. Let X, Uy, Fy be as above, such that jF, = j,Fo. Then the natural map
H(U,Z)— H'(U,#Z) is an isomorphism for all i.

Proof. From the previous theorem [2.3] we know that j,# = Rj,Z. Thus,
RL.(U, ) =RU(X, j,F) X RT(X,Rj,F) X RI(U, F).
O

The following theorem is a cohomological reflection of the following fact: let y : G — @IX
be a non-trivial character of a finite group, then

Z x(g)= Z x(gh) = x(h) Z x(8)-
g<G geG g2€G
Since y is non-trivial, we can choose h such that y(h) # 1. Thus,

(x(M—1)> x(g)=0

g€eiG

> x(g)=o.

geiG

and hence

Theorem 2.5. Let G, be a connected commutative group over Fy and y : Go(F,) — @lx a
non-trivial character. Then HY(G, % (x)) = 0. Hence, H*(G, #(x)) = 0, by Poincaré duality.

Proof. Let x € Gy(FF,), and denote t, the translation by x, then we have
Lot, =%,

since £ (x) = 1. Thus, t, is a morphism of the Lang torsor £ of G,. This induces a morphism
on Z () by multiplication by y(g)™!, which also induces a morphism on H*(G,Z(x)) by
multiplication by y(g)~!. Since y is non-trivial, we can choose g such that y(g) # 1. Thus,
if we can show that the action of y(g) is the same as the action of y(e) = 1, then we must
have H*(G, Z(x)) = 0. This is the cohomological reflection of the identity above.

This is done by a homotopy argument. First, we put all these morphisms into a family:

(id,t,)
GXG————GXxG

(id,_s,ﬂ)l l(id,ﬁf)
(id,t ¢ (x))
GXxXG—————GxG

where x belongs to the first coordinate. The following lemma will finish the job. O

Lemma 2.6. Let X,Y be two schemes over an algebraically closed field k, with X separated, of
finite type, and Y connected. Let & be a sheaf over X and (p, €) a family of endomorphisms of
(X,Z) parametrized by Y :

(D p:Y x X —>Y x, X isaY-morphism.



(i) €: p*pryF — pryF a morphism of sheaves.

Suppose that p is proper. Then if we denote py(y)* the endomorphism of H}(X, &) induced by
(py,€y), where y € Y(k), then py(y)* is independent of y.

Proof. By proper base change, we know that RPpry,pr; is a constant sheaf on Y, whose
fibers are HP (X, Z). Now, py(y)* is the fiber of the following endomorphism

RPprypr5F —p>RPpr1!p*pr§9 SN RPprypry. 7.

Now, note that a morphism of any locally constant sheaf is determined at a point (when the
scheme is connected). O]

Remark 2.7. There is an alternative proof of theorem using the same strategy as for the
Artin-Scheier sheaf over Al. First, note that via the equivalence of categories

{Smooth sheaves} «— {representation of 7},

if we have a finite connected étale Galois cover w : Y — X, then m, is the same as the
ng Thus, applied to Q;, the push forward is just the one corresponds to
the regular representation of Gal(Y /X). Applied to £ : G, — G, (connected, commutative

group), and note that the Galois group of this is Gy(F,)

induction Ind

202 B 7).

XGGO(Fq)

Then, the same proof as in the case of A(l) carries over.

3 Estimates

3.1 A General Estimates from Weil Conjectures

As noted above, all the Artin-Shreier sheaves (and hence, also tensors, direct sums thereof)
have weight 1. Thus, if & is just a sheaf, H(X, ) has weight < i, by the Weil conjectures,
and hence,

> THEF)

XEXO (Fq)

= ‘Z(—l)iTr(F, HI(X,7)| <D ¢ dimH!(X, F).

But for Gauss sums and Kloosterman sums, we can get a more precise information about
the dimension and the weights of the cohomology groups.



3.2 Gauss Sums

From the above, we have

2
() == > (1) Ti(F, H (G F (1 19))).

i=0
We start with the following cohomological result.

Lemma 3.1. Let Uy C X, be an open subscheme of a projective smooth curve, and & an étale
sheaf on U. Suppose x € X, — U, such that & is totally ramified at x, then H.(U, Z) = 0 for
all i, except possibly at i = 1.

Proof. Since X, is of dimension 1, we only need to worry about i = 0,1,2. We have the
vanishing for i = 0 since U, is a proper open subscheme. For i = 2, by Poincare duality, we
have

dichz(U, ZF)=dimH°(U, %) =0,

due to the fact that Z, and hence Z is totally ramified. O
Theorem 3.2. The cohomology of G,, with coefficient in F (1) y 1) satisfies the following:

(i) If x is non-trivial, then HY — H* is an isomorphism.

(i) H' =0 fori#1and dimH} =1.
(iii) F acts on HC1 via multiplication by t(y, ).

Proof. Clearly, (iii) is a consequence of (i) and (ii). We will use corollaryto show (i). To
do that, we need to show that Z (1) y 1) is totally ramified at 0 and oo when y is non-trivial.

At 0, Z (%)) is unramified, and Z(y ') is totally tamely ramified (when y is non-trivial).
Thus, Z (v y 1) is totally ramified at 0. At oo, we know that & (y~!) is tamely ramified. If
2 is trivial, then Z (1) is non-ramified and hence, & (y 1)) is also totally tamely ramified.
If 2 is non-trivial, then & (1)) is totally wildly ramified (with Swan conductor 1). Thus,
F (') is also totally ramified at co. This implies that j,.# = j,# and hence, H: —> H"is
an isomorphism.

The vanishing of (ii) is guaranteed by lemma above. For the second part, we recall
that Z (¥ 1) is tamely ramified at O and wildly ramified at oo with Swan conductor 1.
Therefore, the Grothendieck-Ogg-Shafarevich formula says that diran1 =1. O

Proof of From theorem [3.2]above, we know that
T(x,¥) = —Tr(F,H (G, F (Y x ).

The isomorphism H' = Hi implies that the weight must be precisely 1, and hence, we have

1T(x, )l =q">



Proof of The Hasse-Davenport’s identity is derived easily from the following

(XN, YTr) = Te(F", H(Gp, Z (1))
=Tr(F, Hcl(%m, F(py H)H" (due to 1-dimensionality)
=1(x,9)".

Remark 3.3. The following theme is similar to the Kloosterman sums case:

(i) Cohomology concentrates at one middle degree. This suggests a link to perverse sheaves.
(In the above, i Z[1]=j.Z[1] = j,Z[1] is perverse).

(ii) Purity follows from isomorphism Hi ~ Hi,
Remark 3.4. In the cohomology study above, we can replace Z(y ') by any #,(y) as long
as n is relative prime to p (to ensure tameness).
3.3 Kloosterman Sums

The following identity serves as the inspiration for our cohomological study of Kloosterman
Sums:

Kna= > g +xp+ - +x,)

X1X9 " Xp=a

=D ) D, Pl txz+ee+x,)

x2"'xn:a/xl

= > (K1 /-

e)(
xIFq

Recall: denote 7,0 : Afj — A(l) defined by the product and sum of the coordinates respec-
tively. Let ¢ be an additive character, then the sheaf & (o) restricted to Va”_1 =n"Ya)is
the geometrization of our Kloosterman sum K, ,.

As in the case of Gauss sums, the main estimate for K, , comes from the following coho-
mology result.

Theorem 3.5. The cohomology of Va"_1 with coefficient in & (1 o) satisfies the following:
() Hé =0forali#n—1.
(i) H =H*.
(iii) For a # 0, dimH?_1 =n.
(iv) For a =0, dirnH?_1 is canonically isomorphic to Q.
We will prove this theorem alongside with its global analogue.

Theorem 3.6. We have the following global analog of

9



(i) The sheaf R* 1, Z (o) is smooth of rank n over A —{0}.

(ii) The extension by 0 of R™ 17, Z(po) from A to P! is the same as the direct image to P*
of the restriction to A' — {0}.

(iii) At 0, the monodromy tame and unipotent, with exactly 1 Jordan block.

(iv) At oo, the wild inertia acts without non-gero fixed point, and the Swan conductor is equal
to 1.

(v) We have Rm,Z (o) = Rin, F (o).

We will use the following notation: [3.5(n) and [3.6(n) are used to denote theorem
and respectively, for case n. The general strategy is an induction argument (the case
n =1 is trivial):

Theorem [3.5|(n) . Theorem [3.6/(n) . Theorem B.5[(n+1).

One of the points of globalizing is that even though each fiber is not nice, together they
form a very nice family. For instance, we can take advantage of the vanishing theorem 2.5

Proof of (*). By the proper base change theorem, we know that Rim,Z (y)0), = Hi(Va, F (o).
We also know that R'7t,Z (o) is a constructible sheaf, and hence, there exists an open
dense subscheme of A® such that Rim,Z (o) is a locally constant sheaf. From generic base
change theorem, and by shrinking U if necessary, we can assume that over U, Rint, Z (y0), =
H(V,, Z(30)). Thus, theorem (n) gives us

Lemma 3.7.
(i) Rm\ZF(o)=0, fori#n—1.

(i) For i =n—1, the stalks of this sheaf at all points a # 0 is of constant rank n. At 0, it’s of
rank 1.

(iii) On an open dense subscheme U, we have Rim,Z (\)0) = Rin, F (o).

The lemma above shows that HY(A!,Ri7,Z (o)) = 0, except possibly when ¢ = n —
1. Thus, the Leray spectral sequence for 7 collapse. But from theorem we know that
H:(A", Z(Yo)) = H*(A",Z (o)) = 0. We must therefore get the vanishing of the whole
2nd page of the spectral sequence.

In particular, H(A",R" 7, # (o)) = 0. This means that R 7, # (o)) doesn’t have
any isolated support at a point (no punctual support). But since the rank of R" ' Z (o) is
constant on A! — {0}, R ', (o) must be locally constant on A' — {0}, and this finishes
(i). This argument is very nice! Motto: use cohomology with compact support to detect
punctual support on an open curve.

Next we will show (ii). First we worry about the point 0. Let ¢ be the direct image of
the restriction of R" 1, Z (o) to Al —{0}. Then, we have the following exact sequence

0—— R m,Z(Yo) 9 2 0,

10



where 2 has support only at 0. Note that the injectivity comes from the fact that R* ' r,&
doesn’t have any punctual support. This gives

0=H’(A',9) — HY(A', 2) — H!(AL,R" 'm,Z (y0)) =0,

where the first equality is from the fact that A' is an open curve, and the second equal-
ity is from what we said above. Thus, H’(A',2) = 0, and hence, 2 = 0, which implies
R m,Z(po) = ¢. This concludes (ii) for the point 0: R" 7, Z (1 o) is the direct image
of its restriction to A! — {0}.

For the point oo, let j : A — P! and let A be the mapping cone of jRm,Z (o) —
Rj.Rm,.Z (o). Then, from lemma we know that the cohomology sheaves of A has
finite support. But observe that

H*(P, jRm,Z (o)) = H:(A',Rm, F (o)) =HIA", F(¢0)) =0
and
H*(P',Rj,Rn,Z (Yo)) EH*(A', R, F (Yo)) ZH* (A", Z (o)) = 0.

This means H*(P!,A) = 0. Using a spectral sequence for hypercohomology, we see that
HO(P', 5#*(A)) = 0, and hence, A = 0 and we get

JRmZ(Yo) =Rj.Rn.F(Yo).

Thus, in particular, R, % (o) = Rm,(y o) which concludes (v), and both concentrate
at 1 degree, n— 1. Therefore,

JRmMZ (Yo) =RjRm,F (o) = jRn,F(Yo) = jRmF (o).

This concludes (ii).

Note that this kind of argument applies whenever the base is a curve and the top
space has no cohomology.

We have seen above (at the beginning of this proof) that Hj(Al,R”_lTE!? (4p0)) =0, and
hence, by Grothendieck-Ogg-Shafarevich formula (note that there is one dimensional stalk
at 0), we have

Swany(R" 1, Z (¢ o)) + Swan. (R 1 m,Z (o)) = 1. (D

Thus, this sheaf is wildly ramified at exactly one point 0 or co.
Now, we use the following nice lemma (which is just linear algebria) to detect which one
is which.

Lemma 3.8. Let D = GalK*®? /K be the Galois group of a local field K, whose residue field is fi-
nite. Let I and P be the inertia, and wild inertia groups respectively. Let V be a Q;-representation
of D. Then

(i) IfVI =0and (V® y)' = 0 for all characters y of I that factors through I /P, then V¥ = 0.
In particular, V is wildly ramified.

11



(i) If V is tamely ramified, dimV! = 1 and (V ® y)"/* = 0 for all y as above. Then, the
representation of I has to be unipotent with uniquely one Jordan block.

Proof. For (i), suppose VP # 0, then V* is a representation of D/P. We know that I acts
quasi-unipotently, and thus, there is a character y of I/P that makes the first entry of a
Jordan block of V¥ ® y one. This means that (VX ® ¥)!/? # 0, and hence, (V ® y)! # 0,
which contradicts the hypothesis.

For (ii), we can argue in a similar way as above. O

Let ¢4 be a Kummer sheaf of rank 1 over G,,, i.e. ¢ = %, (x), such that y # 1. Using the
computation in the Gauss sum section (cf. remark[3.4as well) and Kiinneth formula, we get
the following isomorphism

HI V', 1°9 ® F(¢0)) X H'(V*, 1°9 ® F (Y 0)), 2)

where V* = n7Y(G,,) = Gy,. Using Leray spectral sequence for 7 and projection formula,
we get
YR ImF(Yo)=X YRR n, F(Yo). 3
Let A be the mapping cone of i,(¢4 ® R" 'r,Z(y0)) = Ri (¢4 ® R" 17, Z(1p0)), where
i is the inclusion G,, — P'. Then, a similar argument as earlier implies that A = OE]

We can now conclude that i,(¥ ® R" 17, Z (y0)) = i,(¥9 ®R" ', Z (+)). In particular,
we have

(i) At0and oo, ¥ ® R" 171, Z (o) is totally ramified.

(ii) From the lemma, we know that R 17, Z (o) is wildly ramified. The equality
then implies that R" ' 7, Z (1) is totally wildly ramified, with Swan conductor 1.

(iii) Equality then implies that R 7, Z (3 o) is tamely ramified (Swan, = 0). The
lemma then implies that the action of I/P is unipotent, with a unique Jordan block.

This concludes the proof of (*). O

Proof of (**). The case where a = 0 is treated separately in a simple way using a spectral
sequence argument. We will now deal with the case where a # 0.
We will give a cohomological reflection of the identity

Kn+1,a = Z w(x)Kn,a/X'

e)(
xIFq

Denote X, X1, ..., X, the coordinates of A" and V* c A"*! defined by xox; - - x, = a.
Let g : A" — Al defined by the projection onto the first coordinate x,. By abuse of notation,
we will write g|y» = g as well, and note that gly, : V' > G. Let 7 : G, = G, be an
involution defined by x — ax™?, and let 7t : A" — A! by m(xq,...,X,) = X1X5 - X,,, then
gly, = 7mly,.

!The long exact sequence of hyper-cohomology has consecutive isomorphic terms due to A has punctual
support due to

12



As suggested by the formula above, we will use the Leray spectral sequence for g. We
write A" = A! x A" and note that the Artin-Shreier sheaf of interest on V, is Z (o) =
F ()R F(Yo'), where o is sum of all n+ 1 coordinates, and ¢’ is sum of the last n coor-
dinates. By projection formula, we have (everything restricted to V")

Rg(F(W)RTF(Yo) = F(Y)®Rg.F(Yo') = F(P)® TR, F(Po’). C))

and

Rg(Z(W)RF(Yo) = F(Y)® T"RmF (Yo). (5)

Observe the following commutative diagram

V”—>G” CAY

and the sheaf Z()0) on A" is the same as the sheaf Z (yc”) on V. Thus, we can use results

in here.

Using and (5), we have the following spectral sequences:
'E}! = HP(Gpn, Z(Y) ® TRIN, F (Y0")) = HPHI(V,, F (o).

and
”qu =H (G, Z(Y)® TRIm F(Yo')) = Hf+q(Va, F (o).

From theorem , we see that ’qu >~ ”qu. Hence,

Y (V, F(p0)) = H (V, F (3p0),

and this finishes (ii) of theorem [3.5[(n+1).

By Poincaré duality and cohomological dimension of affine schemes, we get (i) for(n+1)
as well.

For (iii), we first note that R”‘ln!ﬁ' (xpo’) (all other ones vanish) is tamely ramified at 0
and wildly ramified at oo with Swan conductor 1, by theorem(n). Thus, TR 1m,Z (o)
is tamely ramified at oo and wildly ramified at 0, with Swan conductor 1. But we know
that & (1) is not ramified at 0, and wildly ramified at co with Swan conductor 1. Thus,
F () ® TR, F(+po’) is totally wildly ramified at both 0 and oo with Swan conductor
1 and n (the rank of T*R" 1, Z (yp0’)) respectively.

Observe that ” qu = 0O unless p = 1 and ¢ = n— 1. Moreover, by Grothendieck-Ogg-

Shafarevich, we know that ” qu =n+ 1 and we are done.

Remark 3.9. We didn’t really use the thing about Jordan block.

4 Reference

SGA 41.
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